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THE BLOCH SPACE AND THE DUAL SPACE OF A LUECKING-TYPE SUBSPACE
OF A1
GUANLONG BAO AND FANGQIN YE
ABSTRACT. Let X be the dual space of a Luecking-type subspace of the Bergman space A1. It
is known that the Bloch space B is a subset of X . In 1990, Ghatage and Sun asked whether B is
dense in X . They also asked whether the little version of X is a subset of B. In this note, based
on results and methods of Girela, Pela´ez, Pe´rez-Gonza´lez and Ra¨ttya¨ in 2008, we answer the two
questions in the negative.
1. INTRODUCTION
Let D be the open unit disk in the complex plan C. Denote by H(D) the space of analytic
functions in D. For 0 < p <∞, a function f ∈ H(D) belongs to the Bergman space Ap if
‖f‖Ap =
(∫
D
|f(z)|pdA(z)
) 1
p
<∞,
where dA is the normalized area measure of D. Coifman and Rochberg [6] established atomic
decomposition theorem for the Bergman spaceAp, 0 < p <∞. In [15, p. 329], Luecking proved
that there exists a sequence {an}
∞
n=1 ⊆ D such that every f ∈ A
p, p > 1, can be written in the
form
f(z) =
∞∑
n=1
cn(1− |an|)
(1−1/p)+η
(1− anz)1+1/p+η
for an arbitrary η > 0 and {cn} ∈ ℓ
p. As pointed out in [15], the range of the parameter η in
the above formula is larger than the corresponding result in [6]. To determine the extent to which
Luecking’s decomposition of Bergman spaces Ap, 1 < p < ∞, can be extended to A1, Ghatage
and Sun [9] introduced a Banach space of analytic functions, denoted by Y . More precisely, Y is
the completion (in the norm ‖.‖Y defined later) of the set of functions f ∈ A
1 with the form
f(z) =
∞∑
n=1
ankλn(z),
where an ∈ C, λn ∈ D and
∞∑
n=1
|an|‖kλn‖A1 <∞.
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Here
kw(z) =
1
(1− wz)2
, w ∈ D,
is the reproducing kernel of A2. A norm of Y is
‖f‖Y = inf
∞∑
n=1
|an|‖kλn‖A1,
where the infimum is taken over the set of all such decompositions of f . From [9], Y is a proper
subset of A1 and Y is said to be a Luecking-type subspace of A1.
Ghatage and Sun [9] gave a series of interesting results of the space Y . In particular, they
described its dual and predual. Let X be the space of functions f ∈ H(D) with
‖f‖X = sup
z∈D
|f(z)|‖kz‖
−1
A1 <∞.
Denote by X0 the little version of X . Namely, the space X0 consists of functions f ∈ X such
that
lim
|z|→1
|f(z)|‖kz‖
−1
A1 = 0.
It is known that X0 is a closed subspace of X . Ghatage and Sun [9] proved that the dual of X0
can be identified with Y , and the dual of Y can be identified withX . Recall that the Bloch space
B is the set of functions f ∈ H(D) for which
sup
z∈D
(1− |z|2)|f ′(z)| <∞.
The little Bloch space B0 consists of those functions f ∈ B with
lim
|z|→1
(1− |z|2)|f ′(z)| = 0.
By [9], B $ X and B0 $ X0. See [3, 4, 8, 13] for the further study associated withX or Y .
In [9, p. 771], Ghatage and Sun asked whether B is dense in X . In [9, p. 773], they asked
whetherX0 is a subset of B. In this note, we answer the two questions in the negative.
2. THE BLOCH SPACE AND THE SPACE X
The section is devoted to answer the two questions of Ghatage and Sun. By results and methods
of Girela, Pela´ez, Pe´rez-Gonza´lez and Ra¨ttya¨ [10], the proof given here is elementary.
Denote byH∞log the Banach space of functions f ∈ H(D) satisfying
‖f‖H∞
log
= sup
z∈D
|f(z)|
log e
1−|z|
<∞.
See [10] for the study of H∞log. From [8] or [9], we know that
‖kw‖A1 =
{
1, w = 0,
|w|−2 log 1
(1−|w|2)
, w 6= 0.
Note that
lim
|w|→0
|w|−2 log
1
(1− |w|2)
= 1.
THE BLOCH SPACE AND THE DUAL SPACE OF A LUECKING-TYPE SUBSPACE OF A1 3
Then it is easy to see that X = H∞log. Hence another norm of X can be defined by
|||f |||X = sup
z∈D
|f(z)|
log e
1−|z|
, f ∈ X.
Also,X0 is the set of functions f ∈ X with
lim
|z|→1
|f(z)|
log e
1−|z|
= 0.
From [9], B0 is densely contained in X0. But the following result shows that the case for B
andX is different.
Theorem 2.1. The Bloch space is not dense in the space X .
Proof. By [10, Theorem 1.2], there exist two functions f1, f2 ∈ X such that
(2.1) |f1(z)| + |f2(z)| ≥ log
1
1− |z|
, z ∈ D.
Suppose B is dense inX . Then there are two functions g1, g2 ∈ B satisfying
|||fi − gi|||X = sup
z∈D
|fi(z)− gi(z)|
log e
1−|z|
<
1
3
, i = 1, 2.
Hence,
|fi(w)− gi(w)| ≤
1
3
log
e
1− |w|
, i = 1, 2,
for all w ∈ D. Consequently,
|gi(w)| ≥ |fi(w)| −
1
3
log
e
1− |w|
, w ∈ D, i = 1, 2.
Combining this with (2.1), one gets
|g1(w)|+ |g2(w)| ≥ log
1
1− |w|
−
2
3
log
e
1− |w|
, w ∈ D.
Thus,
|g1(w)|+ |g2(w)| ≥
1
12
log
e
1− |w|
, 1− e−3 < |w| < 1,
which will produce a contradiction (see [10, p. 514]). In fact, for 1− e−3 < r < 1, we have
1
2π
∫ 2pi
0
(
|g1(re
iθ)|+ |g2(re
iθ)|
)
dθ ≥
1
12
log
e
1− r
.
Thus,
1
2π
∫ 2pi
0
|gj(re
iθ)|dθ ≥
1
24
log
e
1− r
,
where j is equal to 1 or 2. This gives
(2.2) lim
r→1
1
2pi
∫ 2pi
0
|gj(re
iθ)|dθ(
log 1
1−r
) 1
2
=∞.
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But a result of Clunie and MacGregor [5] or Makarov [16] asserts that
(2.3)
(
1
2π
∫ 2pi
0
|h(reiθ)|pdθ
) 1
p
= O
((
log
1
1− r
) 1
2
)
, as r → 1,
for all 0 < p <∞ and h ∈ B. We see that condition (2.2) contradicts condition (2.3) with p = 1.
The proof is complete. 
Remark 1. The first construction of the same fashion as condition (2.1) was given by Ramey
and Ullrich [18]. More precisely, Ramey and Ullrich proved that there exist f , g ∈ B such that
|f ′(z)| + |g′(z)| ≥
1
1− |z|
for all z ∈ D. In 2011, Kwon and Pavlovic´ [12] generalized Ramey and Ullrich’s result by
considering a wide class of weights. We refer to [1, 11, 14] for more results related to these
constructions.
Remark 2. Choe and Lee [4, p. 162] also posed a question that is B dense in X for the cor-
responding case in the unit ball of the complex space Cn? Note that the results in the unit ball
of Cn corresponding to conditions (2.1) and (2.3) can be found in [1, p. 400] and [7, p. 2808]
respectively. The same arguments as the proof of Theorem 2.1 yield that the answer to Choe and
Lee’s question is also negative.
Girela, Pela´ez, Pe´rez-Gonza´lez and Ra¨ttya¨ [10, Theorem 8.1] characterized certain lacunary
series in H∞log (see [17, Theorem 14] for a more general result). We get the corresponding result
ofX0 as follows. As an application, we show that X0 * B.
Theorem 2.2. Let f ∈ H(D) with the power series expansion f(z) =
∑∞
k=0 akz
nk and suppose
there exist α > 1 and β > 1 such that nαk ≤ nk+1 ≤ n
αβ
k for all k. Then f ∈ X0 if and only if
(2.4) lim
k→∞
|ak|
lognk
= 0.
Furthermore, the space X0 is not a subset of the Bloch space.
Proof. Let f ∈ X0. Then for any ε > 0, there exists a δ > 0, such that |f(z)| < ε log
e
1−|z|
for
δ < |z| < 1. For this δ, there exists a positive integer N , such that if k > N , then 1 − 1
nk
> δ.
By Cauchy’s integral formula, one gets
|ak| =
|f (nk)(0)|
nk!
≤
1
2π
∫
|z|=1− 1
nk
|f(w)|
|w|nk+1
|dw| ≤ ε log(enk)
(
1−
1
nk
)−nk
≤ 2εe log(enk).
Thus condition (2.4) holds.
On the other hand, suppose condition (2.4) is true. Then for any ε > 0, there exists a positive
integer K, such that if k > K, then |ak| < ε lognk. There also exists a positive constant η such
that if η < |z| < 1, then ∑K
k=0 |ak|
log e
1−|z|
< ε.
THE BLOCH SPACE AND THE DUAL SPACE OF A LUECKING-TYPE SUBSPACE OF A1 5
It is clear that condition (2.4) implies
sup
k
|ak|
lognk
<∞.
Hence, by Girela, Pela´ez, Pe´rez-Gonza´lez and Ra¨ttya¨ [10, p. 536], we see that there exists a
positive constant C depending only on α and β, such that
∞∑
k=1
(log nk)r
nk ≤ C log
e
1− r
, 0 ≤ r < 1.
Therefore, for η < |z| < 1, we obtain
|f(z)|
log e
1−|z|
≤
∑K
k=0 |ak|+ ε
∑∞
k=K+1(log nk)|z|
nk
log e
1−|z|
≤ (1 + C)ε,
which gives
lim
|z|→1
|f(z)|
log e
1−|z|
= 0.
Namely f ∈ X0. Consequently, f ∈ X0 if and only if condition (2.4) holds.
Let h(z) =
∑∞
k=1 kz
22
k
. Take α = 2 and β = 3/2. Then (22
k
)α = 22
k+1
< (22
k
)αβ and
lim
k→∞
k
2k log 2
= 0.
Thus h ∈ X0. It is well known (cf. [2]) that if g(z) =
∑∞
n=0 bnz
n ∈ B, then the sequence
{bn}
∞
n=0 is bounded. Hence h 6∈ B. In other words, the space X0 is not a subset of the Bloch
space. The proof is complete. 
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